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Abstract
We consider the problem of embedding the n-dimensional cube into a rectangular grid with
2n vertices in such a way as to minimize the congestion, the maximum number of edges along
any point of the grid. After presenting a short solution for the cutwidth problem of the n-cube
(in which the n-cube is embedded into a path), we show how to extend the results to give an
exact solution for the congestion problem. c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let G = (VG; EG) represent a graph with vertex set VG and edge set EG. We may
think of G as representing the wiring diagram of an electronic circuit, with the vertices
representing components and the edges representing wires connecting them.
A (vertex) numbering of G is a function
 : VG 7! f1; 2; : : : ; jVGjg
which is one-to-one (and therefore onto). A numbering may be thought of as an em-
bedding of G into a linear chassis. The cutwidth of G, with respect to , cw(G; ), is
the maximum number of wires which pass any point on the linear chassis:
cw(G; ) = max
l
jf(v; w) 2 EGj(v)6l<(w)gj:
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Then, the cutwidth of G is
cw(G) = min

cw(G; ):
The cutwidth problem is to nd the value of cw(G). While the cutwidth problem
is, in general, NP-complete [2], the solution is known for the n-cube and for some
other families of graphs, such as the product of complete graphs (see e.g. [5]). In this
paper, we extend that problem by taking the host graph to be a rectangular grid. We
shall adopt the term congestion when considering grids as host graphs, and maintain
the use of the term cutwidth when the host graph is a path.
We denote by Qn the n-cube dened as the cartesian product of n edges. After
presenting background material and a simple proof for the solution of the cutwidth
problem for Qn in Section 2, the main result of this paper is presented in Section 3,
where we give the solution of the congestion problem for the n-cube.
2. Background
Given a graph, G, and a numbering, , then for each l, 06l6jVGj, dene
Sl() = −1(f1; : : : ; lg):
Thus, Sl() is the set of the rst l vertices of G to be numbered by .
For S VG, dene
G(S) = jf(v; w) 2 EG j v 2 S; w 62 Sgj;
G(l) = min

G(Sl()):
For a xed value of l, the problem of minimizing the value of G(Sl()) over all
numberings, , can be thought of as a discrete isoperimetric problem. In fact, resulting
isoperimetric theorems have proven quite useful. In [3] (see also [4]) it was shown
that the solution of the isoperimetric problem for  provides a lower bound for the
wirelength problem for a graph. When G is the graph of an n-cube Qn, the lower
bound is sharp, with the numbering, lex, corresponding to the lexicographic ordering
of the vertices, providing Qn(l) = Qn(Sl(lex)) for each l.
2.1. The cutwidth of the n-cube
Given a graph, G, let  : VG 7! f1; 2; : : : ; jVGjg, be a numbering of the vertices of G.
Then, cw(G; ) can be thought of as the maximum number of wires which pass any
point on the linear chassis. Let the point be between l and l + 1. Since every wire
which has one end numbered less than or equal to l, and the other greater than or
equal to l+ 1 must pass this point,
cw(G; ) = max
06l6jVGj
G(Sl()):
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And so the cutwidth of G is dened by
cw(G) = max
06l6jVGj
G(l): (1)
Theorem 1.
cw(Qn) =
8<
:
2n+1−2
3 if n is even;
2n+1−1
3 if n is odd:
Proof. Since we know that for Qn, the numbering given by the lexicographic ordering
of the vertices minimizes Qn(Sl) for each l (see [4]), (1) implies
cw(Qn) = max
06l62n
Qn(Sl(lex)):
The keys to computing cw(Qn) and related parameters are the following observations
about . For a graph G and S VG, G(S) = G(VGnS). Thus,
G(l) = G(jVGj − l): (2)
That is, Qn(l) is symmetric about 2
n−1. Its maximum does not generally occur at 2n−1,
however, we need only look at l62n−1 in searching for the maximum.
Furthermore, on Qn we have the following recursion:
Qn(Sl(lex)) =

2l+ Qn−2 (Sl(lex)) if 06l62
n−2;
2n−1 + Qn−2 (Sl−2n−2 (lex)) if 2
n−26l62n−1:
(3)
For the recursion given in (3), observe that its maximum value is achieved at some l
from 2n−2 to 2n−1. To see that this is true, for each l; 06l62n−2, let l = l+ 2n−2.
Then we see that
Qn(Sl(lex)) = 2
n−1 + Qn−2 (Sl−2n−2 (lex))
= 2n−1 + Qn−2 (Sl(lex))
> 2l+ Qn−2 (Sl(lex))
= Qn(Sl(lex)):
From (2) and (3) we obtain the recurrence relation
cw(Qn) =
8<
:
0 if n= 0;
1 if n= 1;
2n−1 + cw(Qn−2) if n>2:
Solving this recurrence we have the theorem.
Thus, cw(Qn)  432n−1 as n!1.
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Fig. 1. Q4 embedded in a linear chassis.
2.2. Example
The wiring diagram that results from embedding Q4 into a linear chassis (using the
lexicographic numbering) is shown in Fig. 1. Note that the cutwidth of Q4 is 10, with
that value being achieved at several points (but not at l= 23).
In general, the maximum value of Qn(l) does not occur at l = 2
n−1. Where, then,
does it occur? Let
lM(n) = minfl j Qn(l) = max
06l62n
Qn(l)g:
Then
lM(n) =

0 if n= 0;
1 if n= 1
and lM(n)62n−1 by (2). In fact, lM(n) = 2n−2 + lM(n− 2) by (3). Therefore,
lM(n) =
( 2n−1
3 if n is even;
2n+1
3 if n is odd:
Thus, lM(n)  2n=3 as n!1.
From this one sees that the set of l’s where Qn(l) takes its maximum value,
cw(Qn)  432n−1, approximates a Cantor set.
Furthermore, if we let
#(n) = jfl j Qn(l) = cw(Qn)gj;
then
#(n) =
8<
:
0 if n= 0;
1 if n= 1;
3 if n= 2:
Recursion (3) implies that for n> 2 the maximum of Qn(l) is achieved at some l,
2n−2<l< 2n−1. Since Qn(l) is symmetric about 2
n−1, one has #(n) = 2  #(n − 2).
Therefore,
#(n) =

3  2(n−2)=2 if n> 0 and even;
2(n−1)=2 if n odd;
=
(
3
2
p
2n if n> 0 and even;
1p
2
p
2n if n odd:
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3. The congestion of the n-cube
In this section we consider the problem of minimizing the congestion of the n-cube.
The congestion problem is of particular interest in rectilinear network layout design
(see [1] for a nice summary).
As with the cutwidth, the congestion, con(G : H), is the minimum over all
 : VG 7! VH of the maximum number of wires that pass any point on the (host)
graph. Note that in addition to arranging the vertices on the host graph (n! possibilities
as in the linear case), the wires must be laid out on the rectangular grid in such a
way as to minimize the number of wires along any point. Our strategy is to obtain a
lower bound for con(G : H), based on the known solutions of isoperimetric problems,
and then show that the lower bound is achieved.
Let G and H be graphs and let  : VG 7! VH be a one-to-one function. We assume
that H is connected, so that H (l) 6= 0 if 0<l<n.
Lemma 2.
con(G : H)> max
0<l<jVGj
G(l)
H (l)
:
Proof. Suppose that T is any subset of VH . Then
H (T )  con(G : H)>G(−1(T ));
since each of the edges from −1(T ) to −1(VHnT ) must be assigned to a path from T
to VHnT , which contains at least one edge counted by H (T ). Each such edge e0 2 VH
can have at most con(G : H) edges of EG assigned to it, so the inequality must hold.
For the left-hand side of this inequality, the worst case is that T minimizes H for its
cardinality, so
H (l)  con(G : H) = H (T )  con(G : H)>G(−1(T ))>G(l):
We apply this result to calculate con(Qn : F), where
F = P2n1      P2nd
with d>2, n1 +   + nd = n and n16   6nd.
Theorem 3.
con(Qn : F) = cw(Qnd):
Proof. Denote n0=n1+   +nd−1 and let l=2n−1−2n−2+2n−3−  +(−1)n−n0+1 2n0 .
Note that 2n−26l< 2n−1 and l= a  2n0 for some integer a. Consider the 2n1     
2nd−1  a subgrid T of F . One has
F(l)6F(T ) = 2n
0
:
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Fig. 2. K4  K2.
Also, by an argument similar to that for identity (3),
Qn(l) =
(
2n−1 + 2n−3 +   + 2n0 if nd is odd;
2n−1 + 2n−3 +   + 2n0+1 if nd is even:
Therefore,
Qn(l)
F(l)
>
1
2n0
(
2n−1 + 2n−3 +   + 2n0 if nd is odd;
2n−1 + 2n−3 +   + 2n0+1 if nd is even;
=
(
1 + 22 + 24 +   + 2nd−1 if nd is odd;
2 + 23 +   + 2nd−1 if nd is even;
=
8<
:
2nd+1−1
3 if nd is odd;
2nd+1−2
3 if nd is even;
= cw(Qnd):
Then, by Lemma 1, con(Qn : F)>cw(Qnd).
On the other hand, let  : Qn 7! F equal the product of the numberings lexi :
Qni 7! P2ni , i = 1; : : : ; d, that solve their corresponding cutwidth problems. Running
all wires along one dimension of F , we have con(Qn : F)6maxi cw(Qni) and so the
theorem.
4. Conclusion
An important characteristic of the n-cube is that it is factorable (in many ways) as a
product of lower dimensional cubes. One may wonder if the above results apply to all
graphs that may be factored as products of subgraphs. The following example shows
that is not the case.
Consider the product of the complete graphs K4 and K2, shown in Fig. 2.
This graph may be embedded into a 2 4 grid as shown in Fig. 3. But
con(K4  K2 : P2  P4) = 3< 4 = cw(K4):
Our results might be extended for solving the cutwidth or congestion problem for other
families of graphs (with the host graph a path or a grid). Another possible direction
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Fig. 3. K4  K2 embedded in P2  P4.
for extension would be to solve the congestion problem for the n-cube with a dierent
host graph, such as a cycle.
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